We show that a network of quenched random grain boundaries, terminating in polymerized patches containing excess disclinations, destabilizes the at phase of sparsely polymerized membranes, in contrast to membranes completely polymerized in the liquid state. We argue that many of these grain boundaries will buckle, even in the absence of excess disclinity, leading to a glassy wrinkled phase consistent with recent experiments on partially polymerized vesicles by Mutz et al.
I. INTRODUCTION
Recent work on the physics of polymerized membranes 1] has focused on the e ects of disorder. On the theoretical side, it has been shown that the at phase of sixfold coordinated tethered networks is stable to random copolymerization at nite temperatures, but exhibits an instability to possible spin-glass behavior as T ! 0 2,3] . Random spontaneous curvature disorder leads to a new at phase at T = 0 that can be studied via computer simulations and the -expansion 4]. Some of this theoretical work was motivated by the discovery by Mutz, Bensimon, and Brienne of a remarkable wrinkling transition in polymerized vesicles 5] . This wrinkling appears as a (reversible) rst-order phase transition at temperature T w when partially polymerized vesicles are cooled well below the chain melting temperature T m of the pristine liquids.
The polymerizations of Ref. 5 were performed on diacetylenic lipids both in a low temperature \tubule" state, and while cooling through T m with the lipids still in the form of spherical vesicles. The partially polymerized tubules (with degree of polymerization below the percolation transition) were reheated above T m to reform vesicles. Spherical vesicles prepared in either fashion uctuate freely for T w < T < T m , and appear to consist of many microcrystalline domains nucleated around the polymerized patches 5]. To understand the wrinkling transition at lower temperatures, it is important to include dislocations, and possibly disclinations, as an important component of the quenched random disorder.
In Ref. 2 , it was shown that complete polymerization of a crystal with bound dislocations, and complete polymerization of a at space hexatic liquid, with isolated unbound dislocations but bound disclination pairs, lead to a stable at phase over a range of temperatures. It was argued, however, that the at phase would always be unstable when the unbound disclinations characteristic of an isotropic liquid were included in the polymerized net. As pointed out recently by Morse et al. 6] , this last conclusion is incorrect, because the analysis neglects the screening cloud of dislocations surrounding every unbound disclination in a two-dimensional equilibrium liquid. A schematic of a free disclination with its associated screening cloud for a locally four-coordinated liquid is shown in Fig. 1 An important additional complication arises, however, because of the grain boundaries that may arise within the lipid corrals. One mechanism for grain boundary formation is illustrated in Fig. 2 : Crystals will be nucleated on the di erent polymerized walls bounding an initially liquid region in di erent orientations, leading to grain boundary networks with nodes in the interior of the region. Although these networks have some ability to uctuate for T w < T < T m , the grain-boundary structure should become quenched-in at low temperatures.
Because diacetylines were used in Ref. 5 , four-coordinated monomers appear at the vertices of the crystalline region in Fig. 2 . Once such a crosslink is formed, it becomes more likely that additional crosslinks appear spanning the four outgoing polymerized arms. Thus, we expect small, more completely polymerized patches surrounding the nodes in the network of lipid corrals.
These patches can be either crystalline or amorphous. Because the polymerizations of Mutz et al. were carried out in the highly ordered L 0 phase, they may in fact be predominantly crystalline. In this case, the polymerized patches will be nucleii of randomly oriented crystallites, separated by grain boundaries at low temperatures. Such a network would be in some sense dual to Fig. 2 , which was drawn assuming that the polymerized patches were amorphous. Other experiments, in fact, have been successful in polymerizing lipids in the uid phase. One nds in this case an immediate wrinkling of the membrane, without the necessity of cooling to low temperatures. 7] Disclinations are undoubtedly trapped in the polymerized patches in this case and may even be present to some extent in the polymerized regions of Ref. 5 . Such patches will contain imperfectly screened unbound disclinations, and can hence act as sources or sinks for the grain boundary arms permeating the unpolymerized crystalline regions.
In this article, we rst study simple models of how quenched random grain-boundary arrays a ect the equilibrium at phase. One model consists of in nitely long randomly directed grain boundary lines described in the usual way 8] as rows of dislocations with Burgers vectors perpendicular to the boundary. The purely longitudinal Burgers vector correlations which result in the continuum limit do not signi cantly destabilize the at phase. Rather more interesting behavior arises from a quenched random ensemble of \stars," each star consisting of several grain boundaries radiating outward from a xed center. We allow the arms to terminate freely, as would be the case if the grain boundaries ended in the disclination containing patches shown in Fig. 2 . On scales small compared to the arm length, we nd the same unimportant longitudinal correlations as in the rst model. On scales large compared to the arm length, however, the at phase becomes unstable in just the way originally proposed for polymerized liquids in Ref. 2 . This instability is triggered by the unbound disclinations embodied in the grain boundary arms terminating in the more completely polymerized patches. Unlike completely polymerized liquids 6], the frozen disclinicity in these patches cannot be e ciently screened, because the screening cloud of dislocations has been replaced by grain boundaries.
This excess disclinicity could, in principle, be screened further by creating additional grain boundaries, beyond those required by the crystallization scenario sketched above. In a strictly two-dimensional system, for example, strains associated with the amorphous patches in Fig. 2 would lead to energies of order S 2 0`2 , where S 0 is the amount of unscreened disclination charge, and`is the separation between patches. It would then be favorable to create additional grain boundaries that completely cancel the excess disclinicity, thus reducing this energy to O(`). An even lower energy results, however, if the polymerized patch is instead allowed to pucker out of the plane. The energy cost is then only O(ln`) 9] , showing that additional grain boundaries are energetically unfavorable for membranes that can relax in three dimensions.
Even if there are no excess disclinations in the polymerized patches, the network of grain boundaries should still become unstable at low temperatures, due to grain boundary buckling. It is known that isolated dislocations and disclinations in otherwise crystalline membranes always buckle out of the plane to reduce their elastic energy 9]. We argue here that a similar kind of buckling should occur for grain boundaries modeled by dislocation rows with spacings large compared to the buckling radius (see Fig. 3 ). Buckling converts each low angle grain boundary into a rippled \hinge" with a preferred dihedral angle. Asymmetric grain boundaries lead to a buckled state with a de nite chirality. These elementary \wrinkles" can even arise from nominally stable grain boundary networks without disclinations, despite their purely longitudinal correlations in the continuum limit. A low temperature grain boundary buckling instability may explain the wrinkling transition of 
Here, is the bending rigidity, and K 0 = 4 ( + )=(2 + ) is a nonlinear coupling that depends on the Lam e coe cients controlling the in-plane thermal phonon uctuations. The phonon degrees of freedom have been integrated out of the problem. The quantity P T is the transverse projection operator, and membrane con gurations occur with probability proportional to exp(?F=k B T). Disclinations and dislocations embedded in the polymerized net are described by a quenched random eld c(r), related to the total disclination density by r 2 c(r) = S t t (r) : (2) If there are disclinations with \charges" fs a g at positions fr a g and dislocations with Burgers vectors fb b g at positions fr b g, the total \disclination density" is then 10] S t t (r) = 
For models formulated entirely in terms of dislocations, the rst term of Eq. (3) vanishes, and we have
where the Burgers vector density is
(r ? r a ) :
As discussed in Ref. 2, one can use the free energy (1) to determine how c(r), generated for example, by a quenched random network of dislocations, a ects the renormalized bending rigidity. The phonon nonlinearities present in (1) even in the absence of randomness are assumed to be incorporated into partially renormalized moduli R (q) and K R (q), which include only the e ects of thermal uctuations. These moduli are known to be singular as q ! 0 (Refs. 11,12]), i.e., R (q) q ? and K R (q) q u , with 12] 2 + u = 2. The best current theoretical estimates for these exponents are 13] = 0:82 and u = 0:36. The stability of the at phase to quenched random disorder can then be studied by calculating the fully renormalized bending rigidity to leading order in the uctuations of c(r
where c(p) is the Fourier transform of c(r) and the brackets ] d represent a quenched random average over the disorder. If the correction integral is infrared divergent, the at phase will be unstable to new physics generated by randomness at su ciently long wavelengths.
We shall focus here only on quenched random dislocation arrays. >From Eqs. (2) and (4) we see that the correlation function required in (6) is then related to the Fourier transformed Burgers' vector correlations by
We rst evaluate Eq. (7) using grain boundaries modeled by dislocations organized into randomly directed straight lines (see 
The 1=q divergence shows that the line-like nature of the disorder leads to long-range correlated randomness. These correlations are purely longitudinal, however, so Eq. (7) implies that they produce no contribution to Eq. (6) that might destabilize the at phase. This result is to be expected: Strain elds due to dislocations in grain boundaries are well-known to decay exponentially in directions away from the line on which they are concentrated 8]. The decay length is the dislocation spacing, which is assumed to be shorter than any other relevant length scale in the continuum description used here. This approximation breaks down, however, for low angle grain boundaries whose dislocations are spaced at distances greater than the buckling radius. See below.
We now study a more elaborate model of quenched random grain boundaries, designed to capture the physics sketched in Fig. 2 . We write the total dislocation density as b(r) = X m;j;s b mj (2) (r ? r mjs ) ; (11) where the sum is over stars with centers indexed by m, arms within a star indexed by j, and radial distance outward along an arm described by the continuous variable s. The dislocations are located at positions r mjs = r m + s cos j ; sin j ] r m + r js (12) where r m is the star center, and j is angle that arm j makes with respect to the x axis.
Each arm carries a constant Burgers vector density per unit length that is independent of s, has signed magnitude b mj , and is directed at right angles to the arm, b mj = b mj ? sin mj ; cos mj ] : (13) Arms have a typical length`, which should be comparable to the spacing between amorphous regions in Fig. 2 . To avoid creating extra disclinicity at grain boundary nodes appearing within crystalline regions, we impose the constraint (16) where 0 is the area of the system, and n is the number density of stars. We have kept only the term arising from the diagonal piece of the double sum over m and m 0 in Eq. (14) . The o -diagonal piece vanishes upon averaging over di erent arm directions. We now average over arm directions in the diagonal term, being careful to distinguish between the diagonal and o -diagonal contributions in the jj 0 sums. We also average over the Burgers' vector magnitudes and integrate over the arm length parameters s and s 0 . Upon generalizing the calculation to arbitrary Burgers' vector components we nd a result expressible in terms of derivatives of the zero-order Bessel function, 
as q`! 0. When the arm lengths become very long, we recover a purely longitudinal part proportional to 1=q, as in our discussion of random lines. As q ! 0 for nite`, however, there is a nonzero transverse part that leads via Eq. (7) 
III. GRAIN BOUNDARY BUCKLING
The wrinkled state may also depend on grain boundary buckling, however, a phenomenon that may arise even if there are no excess disclinations in the polymerized patches. To understand grain boundary buckling, recall that isolated dislocations screen out their elastic energy by buckling out of the plane at distances greater than some buckling radius 
Especially short buckling radii should be accessible in systems such that < k B T KT . Grain boundaries should buckle whenever the dislocation spacing d exceeds this buckling radius. In the low-angle limit, d b= , where is the angular mismatch in radians across, say, a symmetrical tilt boundary 8]. Note that this buckling should occur for at least some (low angle) boundaries even in con gurations like that in Fig. 4 , which are nominally stable within the framework of continuum elastic theory.
A detailed study of buckling in grain boundaries would require numerical calculations similar to those in Ref. 9 . Some feeling for the buckled state, however, can be obtained by constructing a grain boundary from a piece of triangulated graph paper. Paper sheets have a large in-plane shear modulus, so R b is typically much less than b in this case. An (asymmetrical) grain boundary is shown both in at space and in buckled form in Fig. 3 . The angular mismatch in Fig. 3a between the large grain in the lower left and small grain in the upper right is about 20 , while the boundary itself is rotated away from the line of re ection symmetry relating the two crystals by about 17 . The ve-and seven-coordinated particles in the boundary occur in pairs, each representing a dislocation in this relatively high angle boundary 16]. Note that bond lengths near the boundary are unequal, indicative of the strains associated with forcing this object into at space.
When allowed to buckle out of the plane, the grain boundary forms the beautiful rippled hinge shown in Fig. 3b . Although the atoms in Figs. 3a and 3b have exactly the same connectivity, every near-neighbor bond in Fig. 3b is now identical in length. All vefold disclinations have been buckled on the same side of the membrane, forming mountain peaks, with the sevenfold disclinations forming saddle points in between. There appears to be a de nite asymptotic dihedral angle associated with this hinge-like object, which is also chiral. The chirality is generated by the asymmetrical nature of the grain boundary in at space, and appears to be re ected in a slow helical twist of the boundary after buckling. Asymmetric buckled grain boundaries represent a chiral broken symmetry: the mirror image of Figure 3b would have been generated had we buckled all vefold disclinations on the opposite side of the membrane.
How complete must the polymerization be in order to insure a stable, unwrinkled membrane una ected by grain boundary buckling? The crossover between the complete and sparse polymerization scenarios presumably occurs when the size of the amorphous patches in Fig. 2 becomes comparable to patch spacing`.
More work is clearly required to further elucidate grain boundary buckling and the nature of the striking wrinkling transition discovered in Ref. 5 . For T w < T < T m , grain boundaries presumably exist in unbuckled form, except for those with exceptionally low tilt angles. At T w , we conjecture that many more such boundaries become unstable, the buckling instability spreading across the vesicle surface in a chain reaction. The wrinkling instabilities could be studied in a computer simulation by cooling a loosely polymerized liquid to obtain a quenched-in network of grain boundaries connecting polymerized patches. Relaxation into three dimensions should then lead to a wrinkled spin-glass-like state, with con gurations dominated by puckering of regions containing excess disclinations (as may be the case in Ref. 7] ) and buckling of low-angle grain boundaries (as may occur in Ref. 5] ).
